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A Strong and Easily Computable Separation Bound for
Arithmetic Expressions Involving Radicals

C. Burnikel,1 R. Fleischer,1 K. Mehlhorn,1 and S. Schirra1

Abstract. We consider arithmetic expressions over operators+,−, ∗, /, and k
√ , with integer operands. For

an expressionE having valueξ , a separation boundsep(E) is a positive real number with the property that
ξ 6= 0 implies|ξ | ≥ sep(E). We propose a new separation bound that is easy to compute and stronger than
previous bounds.
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1. Introduction. The evaluation of a test in a computer program frequently amounts
to determining the sign of an arithmetic expression, e.g., ifp, q, andr are points in the
plane, then √

(px − rx)2+ (py − r y)2 ≤
√
(qx − rx)2+ (qy − r y)2

determines whetherp is at least as close tor asq. Section 4.2 discusses a more substantial
example.

We consider expressions with operators

+,−, ∗, /, and k
√
,

and integer operands. This class of expressions is particularly relevant for geometric
computations [2], [3], [9], [15], [17]. An expressionE is given as a directed acyclic
graph (dag) whose source nodes are labeled by integers and whose internal nodes are
labeled by operators from+,−, ∗, /, and k

√ . An expression is calleddivision-freeif it
contains no nodes labeled with/.

For expressionE we construct a quotientE = U (E)/L(E) of division-free ex-
pressionsU (E) and L(E). In Table 1 we defineU (E) and L(E) inductively on the
structure ofE. Furthermore, we define nonnegative real numbersu(E) and l (E) in
Table 2. The numbersu(E) and l (E) are bounds on the absolute values ofU (E) and
L(E), respectively, obtained by replacing every subtraction inE by an addition. Note
thatu(U (E)) = u(E) andu(L(E)) = l (E), andl (E) = 1 for division-free expressions.

While there is no doubt about the meaning of a rule likeU (E) = U (E1) ·U (E2) for
E = E1 · E2 if E is given as an expression tree, it is not immediately clear what such
a rule means ifE is given as an expression dag involving common subexpressions. The
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Table 1. Inductive rules forU (E) andL(E).

E U(E) L(E)

Integern n 1
E1 ± E2 U (E1) · L(E2)± L(E1) ·U (E2) L(E1) · L(E2)

E1 · E2 U (E1) ·U (E2) L(E1) · L(E2)

E1/E2 U (E1) · L(E2) L(E1) ·U (E2)
k
√

E1
k
√

U (E1)
k
√

L(E1)

rules on dags should be interpreted as follows. Compute a topological order on the nodes
of the dag and apply the rules to the nodes in this order. Then the result for the at most
two subexpressions linked to a node is already computed, when the value of the node
is computed. Combine these results as defined by the rule corresponding to the current
node operation. Note the difference in the recursive rules foru(), l () andU (), L(). The
former rules operate on real numbers, the latter rules operate on dags. For the rules for
U () andL() it is important not to process common subexpressions more than once to
avoid an uncontrolled increase in the number ofk

√ -nodes in the dags.
We denote the value of an expressionE by val(E). The numberξ = val(E) is alge-

braic, i.e., there is a polynomialp ∈ Z(X) such thatp(ξ) = 0. Among the polynomials
in Z(X) having rootξ there exists a unique irreducible polynomialmξ , called the mini-
mal polynomial ofξ . The degreedeg(ξ) of ξ is defined as the degree of the polynomial
mξ . If E involves r radical nodes of indicesk1, . . . , kr , respectively, then we define
D(E) =∏r

i=1 ki . Note thatdeg(ξ) is bounded from above byD(E).
First, we state our main theorem in an abstract form involvingdeg(ξ) which is not

easily computable.

THEOREM1. If E is a division-free expression whose valueξ is nonzero, then(
u(E)deg(ξ)−1

)−1 ≤ |ξ | ≤ u(E).

The following corollaries involveD(E) in place ofdeg(val(E)). These are the versions
on which the actual automatic computation of separation bounds is based.

COROLLARY 2. Let E be a division-free expression whose valueξ is nonzero. Then(
u(E)D(E)−1

)−1 ≤ |ξ | ≤ u(E).

Table 2. Inductive rules foru(E) andl (E).

E u(E) l (E)

Integern |n| 1
E1 ± E2 u(E1) · l (E2)+ l (E1) · u(E2) l (E1) · l (E2)

E1 · E2 u(E1) · u(E2) l (E1) · l (E2)

E1/E2 u(E1) · l (E2) l (E1) · u(E2)
k
√

E1
k
√

u(E1)
k
√

l (E1)
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For expressions involving divisions we get

COROLLARY 3. Let E be an expression whose valueξ is nonzero. Then(
l (E)u(E)D2(E)−1

)−1
≤ |ξ | ≤ u(E)l (E)D2(E)−1.

For the special case in which all radicals are square root operations we have in
particular: If E is an expression involvingr nodes with square root operation and the
valueξ of E is nonzero, then(

l (E)u(E)2
2r−1

)−1
≤ |ξ | ≤ u(E)l (E)2

2r−1.

If E is division-free andξ = val(E) 6= 0, then(
u(E)2

r−1
)−1 ≤ |ξ | ≤ u(E).

There are examples where these bounds are nearly optimal. Consider

E =
(
22k + 1

)1/2k

− 2,

i.e., the number 2 is squaredk times, 1 is added, square roots are takenk times, and
finally 2 is subtracted.ξ = val(E) is a number of algebraic degree 2k and u(E) =
(22k + 1)1/2

k + 2 ≤ 5, hence|ξ | ≥ 51−2k
by Theorem 1. On the other hand,|ξ | ≤ 2−2k

for k ≥ 2 since (
22k + 1

)1/2k

− 2 = 2
(
1+ 2−2k

)1/2k

− 2

= 2 · e2−k ln(1+2−2k
) − 2

≤ 2 · e2−k2−2k − 2

≤ 2
(
1+ 2 · 2−k2−2k

)
− 2

= 22−k−2k

≤ 2−2k
.

Here we used the inequalities ln(1+ x) ≤ x if x > −1 andex ≤ 1+ 2x if 0 ≤ x ≤ 1
2.

There is a significant amount of literature on separation bounds in computer algebra
[5], [8], [13], see also [16], as well as in computational geometry [2], [3], [9], [15].
Some of the work in computer algebra has concentrated on root separation bounds for
systems of polynomial equations of which our problem is a special case. We show in
Section 3 that the bound of Theorem 1 is never worse than the general bounds and
sometimes significantly better. The work in computational geometry has concentrated
on providing root separation bounds for specific geometric predicates. For example, [3]
discusses the predicate which decides for a circle passing through a given point and
touching two given lines whether it intersects, touches, or misses a third given line and
shows a separation bound of 2−(32b+O(1)) if all endpoints of the line segments involved



90 C. Burnikel, R. Fleischer, K. Mehlhorn, and S. Schirra

have integer coordinates bounded by 2b. In [2] this bound is improved to 2−(24b+O(1)). In
[9] it is shown that a certain part of the reasoning in the two aforementioned papers can
be specified as rewrite rules. In this paper we go one step further and show that an even
larger part of the reasoning can be fully automatized. We have to admit, however, that
some of our bounds are slightly weaker than those derived in [2] and [3] for the specific
expressions involved in incircle tests, see Section 4.

We give a proof of Theorem 1 in Section 2, compare it with previous work in Section 3,
and discuss its applications to computational geometry and the number typereal of
LEDA [4], [11] in Section 4.

2. The Proof. We give the proof of our main theorem. The upper bound is obvious.
We turn to the lower bound. LetE be a division-free expression. Our first step is a
constructive proof thatξ = val(E) is an algebraic integer, which can be found e.g., in
[7] and [10]. For the sake of completeness we sketch the proof.

THEOREM4. Let pA(X) =
∏n

i=1(X−αi ) =
∑n−1

i=0 ai Xi+Xn and pB(X) =
∏m

j=1(X−
βj ) =

∑m−1
j=0 bj X j + Xm be polynomials with integral coefficients. Then for every

operationop∈ {+,−, ∗} the polynomial

pAopB(X) =
n∏

i=1

m∏
j=1

(X − (αi op βj ))

has integral coefficients as well.

PROOF. We use the well-known theorem on the elementary symmetric functions.

THEOREM5. Let R be a commutative ring with unity and letσ (t)1 = t1+ t2+ · · · + tn,
σ
(t)
2 = t1t2 + t1t3 + · · · + tn−1tn, . . . , σ (t)n = t1t2 · · · tn be the elementary symmetric

functions in t1, . . . , tn, i.e.,

n∏
j=1

(X − ti ) =
n−1∑
j=0

σ
(t)
n− j X

j + Xn.

Let p be a polynomial in t1, . . . , tn with coefficients in R which is symmetric in t1, . . . , tn,
i.e., for any permutationπ of [1..n] we have

p(t1, . . . , tn) = p(tπ(1), . . . , tπ(n)).

Then there is a polynomial q with coefficients in R such that

p(t1, . . . , tn) = q(σ (t)1 , . . . , σ (t)n ).

A proof can be found, e.g., in [14]. Now let op∈ {+,−, ∗}. We apply the theorem on
symmetric functions to the polynomial

f (X, α1, . . . , αn, β1, . . . , βm) =
n∏

i=1

m∏
j=1

(X − (αi op βj ))
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which is symmetric inα1, . . . , αn as well as inβ1, . . . , βm. Since the polynomialf (X,
α1, . . . , αn, β1, . . . , βm) is symmetric inβ1, . . . , βm, there is a polynomialg(X, α1, . . . ,

αn, σ
(β)

1 , . . . , σ
(β)
m ) such that

g(X, α1, . . . , αn, σ
(β)

1 , . . . , σ (β)m ) =
n∏

i=1

m∏
j=1

(X − (αi op βj )).

Sinceg(X, α1, . . . , αn, σ
(β)

1 , . . . , σ
(β)
m ) is symmetric inα1, . . . , αn, we can apply the

theorem on the elementary symmetric functions once more to get a polynomialh(X, σ (α)1 ,

. . . , σ (α)n , σ
(β)

1 , . . . , σ
(β)
m ) such that

h(X, σ (α)1 , . . . , σ (α)n , σ
(β)

1 , . . . , σ (β)m ) =
n∏

i=1

m∏
j=1

(X − (αi op βj )).

We haveσ (α)1 = an−1, . . . , σ
(α)
n = a0 andσ (β)1 = bm−1, . . . , σ

(β)
m = b0. By assumption,

they all are integral, and henceh is a polynomial inX with integral coefficients.

The lemma can be applied to construct explicitly a polynomialpE ∈ Z(X) with
root ξ .

LEMMA 6. There exists a polynomial

pE(X) =
∏

i

(X − ei ) ∈ Z(X)

such that pE(ξ) = 0 and|ei | ≤ u(E) for all roots ei of pE(X).

PROOF. We use induction on the structure ofE. If E is an integer constanta, then the
polynomial pE(X) = X − a satisfies the conditions of the lemma. IfE = A op B
for op ∈ {+,−, ∗}, then we know by induction that there exist polynomialspA(X) =∏n

i=1(X − αi ) andpB(X) =
∏m

j=1(X − βj ) with roots val(A) and val(B), respectively.
Then we choosepE(X) = pAopB(X). By Theorem 4,pAopB(X)has integral coefficients.
Furthermore,pAopB(X) has root val(E) = val(A)op val(B). By induction hypothesis,
|αi | ≤ u(A) and|βj | ≤ u(B). If op ∈ {+,−}, the roots ofpE(X) are bounded by

|αi op βj | ≤ |αi | + |βj | ≤ u(A)+ u(B) = u(E).

If op = ∗, the roots ofpE(X) are bounded by

|αi · βj | ≤ |αi | · |βj | ≤ u(A) · u(B) = u(E).

If E = k
√

A and pA(X) as above, we set

pE(X) = pA(X
d) =

n∏
i=1

(Xd − αi ) =
n∏

i=1

d−1∏
δ=0

(X − ζ δd k
√
αi ) ∈ Z(X),

whereζd is a (complex) primitivedth root of unity. In this case

|ζ δd k
√
αi | = k

√
|αi | ≤ k

√
u(A) = u(E),

which concludes the induction step and thus the proof of our lemma.
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In Lemma 6 we constructed a polynomialpE(X) ∈ Z(X) with root ξ . Since every
integral polynomial having rootξ is divided by the minimal polynomialmξ (X), see,
e.g., [14] and [15], bothmξ (X) and pE(X) have leading coefficient 1, and the roots of
mξ (X) are among the roots ofpE(X). Hence

mξ (X) =
deg(ξ)∏
j=1

(X − ei j )

for some indicesi1, . . . , i deg(ξ). Sincemξ (X) is the minimal polynomial, none of the
rootsei j is zero. By Lemma 6 all roots are bounded byu(E). Without loss of generality
ei1 = ξ . Since

∏
j ei j ∈ Z\{0} we have

|ξ | ≥ |ξ |∣∣∣∏deg(ξ)
j=1 ei j

∣∣∣ = 1∣∣∣∏deg(ξ)
j=2 ei j

∣∣∣ ≥ 1

u(E)deg(ξ)−1
.

This completes the proof of Theorem 1.

Corollary 2 follows from Theorem 1 becausedeg(ξ) ≤∏r
i=1 ki .

For the proof of Corollary 3 we apply the bounds of Corollary 2 to the division-
free expressionsU (E) andL(E). Each radical operation of indexki in E generates at
most two radical operations of indexki , each of which may appear inU (E) as well
as in L(E). Thus D(U (E)) ≤ ∏r

i=1 k2
i = D(E)2 and D(L(E)) ≤ D(E)2. Since

val(E) = val(U (E))/ val(L(E)), andu(U (E)) = u(E) andu(L(E)) = l (E), we have(
l (E)u(E)D2(E)−1

)−1
≤ |ξ | ≤ u(E)l (E)D2(E)−1.

3. Comparison with Previous Work. There is a rich body of literature on root sepa-
ration bounds [5], [8], [12], [13], the work by Mignotte [12], [13] and Canny [5] being
particularly relevant for this paper.

Mignotte [12] considers the identification of algebraic numbers, sayα andβ, given
as algebraic expressions. Looking for a “numerical proof” of the identity ofα andβ he
discusses bounds on|α − β|. In our caseβ = 0. Mignotte defines functions measuring
the sizeof algebraic numbers. The definition of a size-function includes inequalities
that relate the size of the sum and the product of algebraic numbers to the sizes of the
operands. Since the definition of a size-function does not involve inequalities for square
root operation and quotient, it is not obvious how to get an easily computable separation
bound based on such size-functions.

The recursive rules given in Table 3 of quantitiesM(E) andDeg(E) for an expression
E are in the spirit of Section 5 of [12] and based on the measure of an algebraic number,
see Section 4.3 in [13]. We have| val(E)| ≥ M(E)−1 for all expressionsE. We call this
thedegree-measure bound. For the expressionE = (22k + 1)2

−k − 2 considered in the
Introduction the degree-measure bound is 8−2k−1/3 which is slightly worse than ours.
We now show that this is not a coincidence.

We introduce a new quantityS(E) to make the relation between the degree-measure
bound and our bound more evident.S(E) is defined in Table 4. It is straightforward to
see thatu(E) = u(U (E)) ≤ S(E) andl (E) = u(L(E)) ≤ S(E).
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Table 3. Inductive rules for degree-measure bound.

E M(E) Deg(E)

Integern |n| 1
E1 ± E2 2Deg(E1)·Deg(E2) · M(E1)

Deg(E2) · M(E2)
Deg(E1) Deg(E1) · Deg(E2)

E1 · E2 M(E1)
Deg(E2) · M(E2)

Deg(E1) Deg(E1) · Deg(E2)

E1/E2 M(E1)
Deg(E2) · M(E2)

Deg(E1) Deg(E1) · Deg(E2)
k
√

E1 M(E1) k · Deg(E1)

LEMMA 7. For every expression E we have S(E)Deg(E) = M(E).

PROOF. The proof is by induction on the structure ofE. If E is an integer constanta
we haveS(E)Deg(E) = |a| = M(E). If E = E1± E2, then we have

S(E)Deg(E) = 2Deg(E)S(E1)
Deg(E)S(E2)

Deg(E)

= 2Deg(E)
(
S(E1)

Deg(E1)
)Deg(E2) (S(E2)

Deg(E2)
)Deg(E1)

= 2Deg(E)M(E1)
Deg(E2)M(E2)

Deg(E1)

= M(E).

If E = E1 · E2 or E = E1/E2 the computation is similar. IfE = k
√

E1 we have

S(E)Deg(E) = k
√

S(E1)
(k·Deg(E1)) = S(E1)

Deg(E1) = M(E1) = M(E).

Next we show that our separation bound is never worse than the degree-measure bound
for a division-free expressionE.

LEMMA 8.

M(E) ≥ u(E)D(E)−1.

PROOF. SinceDeg(E) ≥ D(E), we haveM(E) = S(E)Deg(E) ≥ u(E)Deg(E) ≥
u(E)D(E)−1.

Note thatDeg(E) coincides with the degree of the polynomialpE(X) constructed in
the proof of Theorem 1. This is not surprising since the polynomialpE(X) also appears
implicitly in the degree-measure bound construction.

Table 4. Inductive rules forS(E).

E S(E)

Integern |n|
E1 ± E2 2 · S(E1) · S(E2)

E1 · E2 S(E1) · S(E2)

E1/E2 S(E1) · S(E2)
k
√

E1
k
√

S(E1)
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Canny [5] considers systems ofn polynomial equations inn unknowns. He shows
that if a1, . . . ,an is any isolated solution to such a system, then

ai = 0 or |ai | ≥ (3dc)−n·dn

for all i , whered is the maximal degree of any polynomial in the system andc is the
maximal coefficient appearing in any of the polynomials. Hong [8] had previously proven
a similar bound for tridiagonal systems.

There are many ways to transform expression dags into polynomial systems, e.g., one
may either introduce a variable for each node of the dag and then relate the input and
output variables of each node by an equation, or one may introduce a variable for each
square root and each division. For the expressionE = (22k +1)2

−k −2 considered in the
introduction the two methods yield

x1 = 2,
x2 = x2

1,
...

xk = x2
k−1+ 1, xk = 22k + 1,

y2
k = xk, y2

k = xk,
... and

...

y2
1 = y2, y2

1 = y2,

y = y1− 2, y = y1− 2,

respectively, i.e., we haven = 2k+1,d = 2, andc = 2 in the former case, andn = k+2,
d = 2, andc = 22k + 1 in the latter case. The bounds are therefore 12−(2k+1)·22k+1

and
(6 · (22k + 1))−(k+2)·2k+2

, respectively. Tryk = 3 to see the difference between these
bounds and our bound.

We show next that our bound is never worse than the bound derived from Canny’s
result for division-free expressions involving square roots. Letd ≥ 2 andc be integers
and consider a system

x2
i = pi (x1, . . . , xi−1), 1≤ i ≤ r,

where eachpi is a polynomial of degree at mostd whose maximal coefficient is bounded
by c. By writing

xi =
√

pi (x1, . . . , xi−1)

the system turns into a dag withr square root nodes. Letui beu(xi ) as computed by the
rules given in the Introduction. If(a1, . . . ,ar ) is any solution of this system, then

ai = 0 or |ai | ≥ (3dc)−i ·di

according to Canny and

ai = 0 or |ai | ≥ u1−2i

i ≥ u−2i

i

according to Theorem 1.
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LEMMA 9. u−2i

i ≥ (3dc)−i ·di
for all i .

PROOF. It suffices to prove that

ui ≤ (3dc)i ·(d/2)
i

for all i . We use induction oni . The first equation isx2
1 = c′ for somec′ ≤ c. Thus,

u1 =
√

c′ and the inequality clearly holds fori = 1.
For the induction step we have

ui+1 ≤
(

c ·
∑

l1+···+l i≤d

ul1
1 . . .u

li
i

)1/2

.

We now distinguish cases. Ford = 2 we haveul ≤ (6c)l for l ≤ i by induction
hypothesis and hence

ui+1 ≤ c1/2 ·
(

1+
i∑

l=1

ul ·
(

1+
l∑

j=1

uj

))1/2

≤ c1/2 ·
(

1+
i∑

l=1

(6c)l ·
l∑

j=0

(6c) j

)1/2

≤ c1/2 ·
(

1+
i∑

l=1

(6c)l · ((6c)l+1− 1
)
/(6c− 1)

)1/2

≤ c1/2 ·
(

i∑
l=0

(
(6c)2l+1− (6c)l

)
/(6c− 1)

)1/2

≤
(

i∑
l=0

((6c)2l+1

)1/2

≤ (
(6c)2i+2

)1/2
= (6c)i+1,

sincec/(6c− 1) ≤ 1 for c ≥ 1.
For d ≥ 3 we haveul ≤ (3dc)l ·(d/2)

l
for l ≤ i and hence

ui+1 ≤ (c · (d + 1)i · ud
i )

1/2

≤ (c · (d + 1)i · (3dc)i ·(d/2)
i ·d)1/2

≤
(
c1/2 · (d + 1)i /2/(3dc)(d/2)

i+1
)
· (3dc)(i+1)·(d/2)i+1

≤ (3dc)(i+1)·(d/2)i+1

sincei /2≤ (d/2)i+1 for d ≥ 3 andi ≥ 1.
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4. Applications. Our motivation for considering separation bounds is their use for
testing the sign of real-valued expressions. LetE be a real-valued expression and let
sep(E) be a separation bound forE. We can then compute the sign ofE as follows. We
compute an intervalIε of lengthε such that 0< ε < sep(E) and Iε containsE. If 0 is
insideIε, the value ofE is smaller than sep(E) and henceE is zero. Otherwise, the sign
of E is equal to the sign of the numbers inIε.

LEDA [11] provides a number typereal that uses the concept of separation bounds
for testing the sign of an arithmetic expression over the operations+,−, ∗, /,√ . Dubé
and Yap [6] provide a similar number type calledbigExpression . The procedure
used inbigExpression for computing a separation bound is based on a bound, called
degree-length boundin [6], which is almost identical to the degree-measure bound de-
scribed in Section 3. Since their rules for product and quotient involve an additional factor
of 2min(Deg(E1),Deg(E2)), the resulting bounds for expressions over operators+,−, ∗, /,√ ,
and integral operands are even weaker than the degree-measure bounds.

We implemented three procedures for computing separation bounds that use the bound
of Theorem 1, the degree-measure bound, and a bound based on Canny’s result, respec-
tively. We call the bound based on Canny’s result thepolynomial system bound.

4.1. Actual Computation of Separation Bounds. Theorem 1 cannot be applied directly
since it evolves quantitiesu(E) andl (E) that are in general nonrational algebraic num-
bers. We propose two methods to compute slightly weaker separation bounds, firstly
computing with floating point numbers with rounding toward larger values and secondly
maintaining integral logarithms ofu(E) andl (E).

For the first method we assume the IEEE standard 754 for binary floating point
arithmetic [1]. The IEEE standard 754 requires that the result of the floating point
operations+, −, ∗, /, and√ are exactly rounded according to the chosen rounding
mode. Moreover, the standard requires the support of rounding toward infinity, i.e., to
larger values. Using this rounding mode we can compute upper bounds foru(E) and
l (E) with floating point arithmetic.

Changing the rounding mode is expensive on some systems. As an alternative one can
simply evaluateu(E) andl (E) in double precision floating point arithmetic and multiply
each intermediate result by(1+ 2−52). Note that underflow does not occur here since
we always haveu(E) ≥ 1 wheneveru(E) is nonzero. In case of overflow, the resulting
value ofu(E) will be infinity, which is a correct (but meaningless) bound.

In the second method we recursively compute integersu′(E) ≥ log2(u(E)) and
l ′(E) ≥ log2(l (E)) as shown in Table 5. The recursive rules foru′(E) andl ′(E) do not

Table 5. Inductive rules for easily computableu′(E) andl ′(E).

E u′(E) l ′(E)

Integern dlog2(n)e 0
E1 ± E2 1+max(u′(E1)+ l ′(E2), l ′(E1)+ u′(E2)) l ′(E1)+ l ′(E2)

E1 · E2 u′(E1)+ u′(E2) l ′(E1)+ l ′(E2)

E1/E2 u′(E1)+ l ′(E2) l ′(E1)+ u′(E2)
k
√

E1 du′(E1)/ke dl ′(E1)/ke
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evolve radical operations. All numbers arising in the computation ofu′(E) and l ′(E)
are integers, and fairly small in practice. Hence rounding errors are not an issue for
computingu′(E) andl ′(E).

We implemented the second method and compared the results with the polynomial
system bound and the degree-measure bound. In our implementation the degree-measure
bound is maintained logarithmically as well, as suggested in [12]. Furthermore, instead
of recursively computingDeg(E)we use the estimate 2r (E) to bound the algebraic degree
of expressionE, wherer (E) is the number of square root nodes in the expression dag
E. In the polynomial system bound we maintain bounds on the degree and coefficient
size of the implicitly generated system of polynomial equations.

4.2. Application to Voronoi Diagram Computation. The following incircle tests arise
in the computation of Voronoi diagrams of line segments and points. Letv be the Voronoi
vertex having minimal distance to sitess1, s2, ands3 and lets be another site. Iss inside
the Voronoi circle ofv, i.e., is it nearer tov than the sitess1, s2, s3? In the implementation
of the incircle test we compare the squared distance of the sitess1, s2, ands3 to v with
the squared distance ofs to v.

For example, letv be given by two segmentss1, s2 and a pointp and letsbe a segment
s3. Let l i : ai x+bi y+ ci = 0 be the supporting line of segmentsi . In [2] it is shown that
for p = (0,0) the incircle test includes a sign test of the formE < 0 for

E = (x2
v + y2

v )(a
2
3 + b2

3)− (a3xv + b3yv + c3zv)
2,

where the coordinates(xv/zv, yv/zv) of vertexv are

xv = a1c2+ a2c1±
√

2c1c2(
√

N + (a1a2− b1b2)),

yv = b1c2+ b2c1±
√

2c1c2(
√

N − (a1a2− b1b2)),

zv =
√

N − (a1a2+ b1b2),

andN = (a2
1 + b2

1)(a
2
2 + b2

2).
There are different types of incircle tests that correspond to the different types of sites

definingv ands. s can have type p (point) or l (line segment) andv can have type ppp,
ppl, llp, or lll where a symbol p stands for a point among the sitessi and a symbol l
stands for a line segment among the sitessi . For example, the incircle test above has
type llp-l.

We assume that input points havebbit integral Cartesian coordinates and line segments
are given by two input points. Our main goal is to find the exact dependence of the
separation bound of a test expression on the maximal bit sizeb of the integer coordinates.
Note that for any of the methods discussed here the logarithm of the separation bound for
expressionE is a linear functions(b) = sE(b) of b. We splits(b) into s(b) = sbb+ sc

and compute the valuessb andsc separately.sb andsc can be computed recursively by
formulas that are analogous to the formulas given before. For the various incircle tests,
we get the results shown in Table 6.

Compared with the bounds based on the results of Canny and Mignotte, our new
separation bounds lead to a considerable improvement. As proven in Section 3, the
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Table 6.Comparison of separation bounds for incircle tests.

Incircle test Our bound Polynomial system bound Degree-measure bound

ppp-p 0·b+0 4·b+17 92·b+39
ppp-l 0·b+0 8·b+42 202·b+91
ppl-p 6·b+14 64·b+312 2,032·b+1,034
ppl-l 12·b+27 96·b+680 8,864·b+4,586
llp-p 28·b+84 384·b+1728 156,416·b+82,584
llp-l 56·b+161 512·b+3840 1,307,136·b+697,736
lll-p 70·b+147 512·b+3456 14,188,928·b+6,165,768
lll-l 84·b+168 640·b+4352 11,404,160·b+4,762,120

polynomial system bounds are always weaker than ours but, at least in these examples,
are still usable for the sign computation. For the last four tests the degree-measure bounds
are much too weak to be of any practical use. The reader should realize that computing
just one single square root operation up to a million binary digits is not feasible in a
reasonable time on most computers.

Comparing Table 6 with the results of [2] which were computed by hand, we see that
we get the same asymptotic bounds for the first four tests and slightly weaker bounds
for the last four tests. Note that the test expressions for ppp-p and ppp-l are integral
and hence 1 is an obvious separation bound in these cases. Only our method achieves
this bound. On the other hand, there are several reasons why our results are not always
optimal. In the test expressionE for llp-l (and also for llp-p), we have three different
square root operations. However, the two nested roots

√
F and

√
G that appear inE

are algebraically dependent over the rationals and, in particular,
√

F
√

G is an integer.
Hence two of the three square roots that appear inE are algebraically dependent and
henceE has in fact algebraic degree 22 at most and not 23 as is implicitly assumed in
the computation of our bound.
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[6] T. Dubé and C.K. Yap. A Basis for Implementing Exact Geometric Algorithms. Manuscript, October

1993.
[7] E. Hecke,Vorlesungen̈uber die Theorie der Algebraischen Zahlen, 2nd edition. Chelsea, New York,

1970.
[8] J.W. Hong. Proving by Example and Gap Theorem. InProceedings of the28th Symposium on the

Foundations of Computer Science(FOCS ’87), 1987.



A Separation Bound for Arithmetic Expressions Involving Radicals 99

[9] G. Liotta, F.P. Preparata, and R. Tamassia. Robust Proximity Queries in Implicit Voronoi Diagrams.
Technical Report RI 02912-1910, Center for Geometric Computing, Department of Computer Science,
Brown University, Providence, RI, May 1996.

[10] R. Loos. Computing in Algebraic Extensions. In B. Buchberger, G.E. Collins, and R. Loos, editors,
Computer Algebra, pages 173–187. Springer-Verlag, Berlin, 1982.

[11] K. Mehlhorn and S. N¨aher.LEDA: A Platform for Combinatorial and Geometric Computing. Cambridge
University Press, Cambridge, 1999, seehttp://www.mpi-sb.mpg.de/LEDA/leda.html .

[12] M. Mignotte. Identification of Algebraic Numbers.Journal of Algorithms, 3(3), September 1982.
[13] M. Mignotte.Mathematics for Computer Algebra. Springer-Verlag, Berlin, 1992.
[14] B.L. van der Waerden.Algebra, volumes 1 & 2. Ungar, New York, 1970.
[15] C.K. Yap. Towards Exact Geometric Computation. InProceedings of CCCG ‘93, pages 405–419, 1993.
[16] C.K. Yap.Fundamental Problems in Algorithmic Algebra. Princeton University Press, Princeton, NJ

(to appear).
[17] C. K. Yap and T. Dub´e. The Exact Computation Paradigm. In D.Z. Du and F. Hwang, editors,Computing

in Euclidean Geometry, 2nd edition, pages 452–492. World Scientific, Singapore, 1995.


